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The purpose of this research is to investigate the inﬂuence of material inhomogeneity and anisotropy on the decay of
Saint-Venant end eﬀects in anti-plane shear deformations of linear mixtures of elastic solids. The spatial decay of solutions
of a boundary value problem with variable coeﬃcients on a semi-inﬁnite strip is investigated. The results may be inter-
preted in terms of a Saint-Venant principle for anti-plane shear deformations of linear anisotropic mixtures of elastic sol-
ids. As our ﬁrst results have a very general point of view, we study some examples in detail.
 2007 Elsevier Ltd. All rights reserved.
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The continuum theory of mixtures has been a subject of intensive study in recent years. The origin of the
modern formulations of continuum thermomechanics theories of mixtures goes back to papers of Truesdell
and Toupin (1960), Kelly (1964), Eringen and Ingram (1965, 1967), Green and Naghdi (1965, 1968), Mu¨ller
(1968) and Bowen and Wiese (1969).
In the theories for a mixture of elastic solids presented in Bowen (1976), Green and Steel (1966) and Steel
(1967), the independent constitutive variables are the displacement gradients and the relative velocity, and the
spatial description is used. The ﬁrst theory for a mixture of elastic solids based on the Lagrangian description
has been presented by Bedford and Stern (1972). In this theory the independent constitutive variables are the
displacement gradients and the relative displacement. In recent years an increasing interest has been directed
to the study of the qualitative properties of this theory (Iesan and Quintanilla, 1994).
In recent years an increasing interest has been developed in the area of anisotropic and non-homogeneous
materials. This paper is devoted to the study of isothermal mixtures of anisotropic and non-homogeneous
materials.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.10.010
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Venant end eﬀects in linear elasticity (Horgan and Payne, 1993). As the motivation of this paper is the study of
Saint-Venant end eﬀects, it is worth recalling the references of Horgan (1989, 1996) and Horgan and Knowles
(1983). There, the history and current situation of this kind of studies is well described.
Anti-plane (or longitudinal) shear deformations are one of the simpler deformations a material can
undergo. The primary impetus for such study was the simplicity (from the analytical point of view) of the
resulting problems. Though it seems that these problems have less interest in front of the problems deﬁned
by plane deformations, anti-plane deformations may result lengths longer that those for plane deformations.
So, the analysis will be relevant from a design perspective (among others). A good survey on this kind of defor-
mations was written by Horgan (1995). The interest and the relevance of this kind of deformations are also
very well described in the works of Horgan and Carlsson (2000) and Horgan and Miller (1994). The interac-
tion between anti-plane deformations and the Saint-Venant end eﬀects is particularly considered. Recently
great part of the interest on end eﬀects has been centered on the case of anisotropic and/or inhomogeneous
materials. To be precise, many authors have wanted to clarify the inﬂuence of the anisotropy and/or the inho-
mogeneity on the rate of decay (Borrelli et al., 2004; Chan and Horgan, 1998; Horgan and Quintanilla,
2001a,b; Horgan and Payne, 1993; Scalpato and Horgan, 1997). These contributions have revealed the sensi-
tivity of the rate of growth/decay with respect the anisotropy and/or the inhomogeneity (see also Horgan and
Carlsson, 2000; Horgan and Miller, 1994 for a good description). One aspect to study in this kind of problems
and eﬀects is in the case of mixtures of elastic solids. In Leseduarte and Quintanilla (2005), the authors started
the study of the case of Saint-Venant’s end eﬀects for anti-plane deformations for a non-homogeneous mixture
of isotropic elastic solids. The present paper is a continuation of this line of research. We study a case of a
mixture of non-homogeneous and anisotropic elastic solids. Our interest is to clarify the inﬂuence of the
anisotropy and inhomogeneity in the case of mixtures of elastic solids. That is, the following question arises:
what is the rate of decay of the solutions depending on the kind of inhomogeneity and anisotropy? This will be
the aim of study in our paper.
It is worth noting that the technique we use here is a natural continuation of the one used by Horgan and
Payne (1993) in the case of elastic materials.
In Section 2 we state the boundary value problem that governs the anti-plane deformations for an aniso-
tropic and non-homogeneous mixture of elastic solids. In particular, we set down the equations and boundary
conditions for an anisotropic mixture. Estimates for the decay – or the growth – are obtained in Section 3. In
Section 4 we study some examples in order to obtain diverse kind of behavior and, so, several decay possibil-
ities. We illustrate also the dependence of the rate of decay with respect to some parameters in particular cases.
In Section 5 we point out why our argument is optimal to study this problem and how the analysis can be
extended in the case that we assume diﬀerent boundary conditions.2. Anti-plane shear deformations
Let us consider a mixture of two constituent elastic solids s1 and s2. The mixture is viewed as a superposi-
tion of two continua. It is worth noting that there are diﬀerent lines of study of mixtures of elastic materials.
Here we restrict our attention to the one proposed by Iesan (2004), Iesan and Quintanilla (2007) and Quin-
tanilla (2005). In this case the free energy, the partial stresses associated with each constituent and the internal
body force are assumed to be functions of the gradients of the deformation (of both constituents) and the rel-
ative displacement. We will restrict our attention to the linear theory and the study of the static problem. The
equilibrium equations aretij;j  pi ¼ 0; sij;j þ pi ¼ 0; ð2:1Þ
and the constitutive equations for the partial stresses and the internal body forces aretij ¼ Aijrsers þ Bijrsfrs; ð2:2Þ
sij ¼ Brsijers þ Cijrsfrs; ð2:3Þ
pi ¼ aijdj; ð2:4Þ
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2
ðui;j þ uj;iÞ; f ij ¼
1
2
ðwi;j þ wj;iÞ; di ¼ ui  wi; ð2:5Þand u, w denotes the displacements of each constituent.
As the material can be inhomogeneous, the tensors Aijrs, Bijrs, . . . ,aij depend on the material point x, but
they satisfy several symmetries (see Quintanilla, 2005). From now on, we assume that the constitutive tensors
Aijrs, Bijrs, . . . ,aij depend on the variables x1 and x2 but they are free of the variable x3. For anti-plane defor-
mations the solutions have the following formu1 ¼ u2 ¼ 0; w1 ¼ w2 ¼ 0; u3 ¼ u3ðx1; x2Þ; w3 ¼ w3ðx1; x2Þ: ð2:6Þ
Generally speaking, we cannot always guarantee the existence of solutions of this form. However for suit-
able materials (Acb3a = Bcb3a = B3acb = Ccb3a = ac3 = 0), we shall have a system with two variables and two
equations. Many materials do satisfy these conditions, so that our restrictions do not reduce the class of mate-
rials studied to the empty set. We will use the notationAab ¼ A3a3b; Bab ¼ B3a3b; Cab ¼ C3a3b; a ¼ a33; u ¼ u3; w ¼ w3: ð2:7Þ
So that we may write our system in the following formðAbau;a þ Bbaw;aÞ;b  aðu wÞ ¼ 0; ð2:8Þ
ðBabu;a þ Cbaw;aÞ;b þ aðu wÞ ¼ 0: ð2:9ÞNow, we impose an extra condition on the constitutive functions of our material. We assume the existence
of a symmetric matrix mab(x1,x2) which is positive deﬁnitem11 > 0; M2 ¼ m11m22  m212 > 0 ð2:10Þ
such thatAab ¼ l11mab; Bab ¼ Bba ¼ l12mab; Cab ¼ l22mab; ð2:11Þ
and l11 > 0, l11l22  l212 > 0. It is worth noting that in particular we assume that Bab is symmetric. Thus, our
system can be written asl11ðmabðx1; x2Þu;aÞ;b þ l12ðmabðx1; x2Þw;aÞ;b  aðx1; x2Þðu wÞ ¼ 0; ð2:12Þ
l12ðmabðx1; x2Þu;aÞ;b þ l22ðmabðx1; x2Þw;aÞ;b þ aðx1; x2Þðu wÞ ¼ 0: ð2:13ÞWe will study the problem deﬁned by this system on the semi-inﬁnite stripR ¼ fðx1; x2Þ : x1 P 0; 0 6 x2 6 hg; ð2:14Þ
with the boundary conditions:uðx1; 0Þ ¼ uðx1; hÞ ¼ wðx1; 0Þ ¼ wðx1; hÞ ¼ 0; x1 P 0; ð2:15Þ
uð0; x2Þ ¼ u^; wð0; x2Þ ¼ w^; 0 6 x2 6 h: ð2:16ÞSystem (2.12)–(2.16) describes the anti-plane shear deformations in the case of an anisotropic and inhomoge-
neous mixture of elastic solids.
We consider the change of variableU ¼ ðl11 þ l12Þuþ ðl12 þ l22Þw;
V ¼ u w: ð2:17ÞThen we can write system (2.12)–(2.16) as
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mabV ;a
 
;b
¼ a 0
CV
 
; ð2:18Þ
Uðx1; 0Þ ¼ Uðx1; hÞ ¼ V ðx1; 0Þ ¼ V ðx1; hÞ ¼ 0; x1 P 0; ð2:19Þ
Uð0; x2Þ ¼ ðl11 þ l12Þu^þ ðl12 þ l22Þw^; V ð0; x2Þ ¼ u^ w^; 0 6 x2 6 h; ð2:20ÞwhereC ¼ l11 þ l22 þ 2l12
l11l22  l212
> 0: ð2:21ÞOur approach is inspired by the one proposed by Horgan and Payne (1993) in the case of elastic materials,
so we introduce a function f(x1,x2) that satisﬁesm12ðx1; x2Þf;1 þ m22ðx1; x2Þf;2 ¼ 0: ð2:22Þ
This function deﬁnes a family of level curvesf ðx1; x2Þ ¼ constant: ð2:23Þ
We assume that mab are all continuous in R and such that |m22| does not vanish and that the quotient m12/m22
is bounded and Lipschitz continuous in x1. Thus, we can guarantee that through each point of our region there
exists one and only one solution of the type (2.22). These curves do not intersect one another. Moreover, from
now on we shall consider the class of problems whose solutions have the property that when m12 takes diﬀer-
ent signs in R; then for q2 > q1, the curve f(x1,x2) = q2 remains to the right of the curve f(x1,x2) = q1.
We note that the unit tangent vector t on the curve (2.22) is given byt ¼ m12ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m212 þ m222
p ; m22ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m212 þ m222
p
 !
; ð2:24Þand hence a unit normal is given byn ¼ m22ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m212 þ m222
p ; m12ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m212 þ m222
p
 !
: ð2:25ÞIt is worth noting that we can also see thatn ¼ f;1jrf j ;
f;2
jrf j
 
: ð2:26ÞIn order to obtain that for all q > q0 the curve of intersection of f(x1,x2) = q with R has a unique compo-
nent, it is suﬃcient we assume that f;1 2 CðRÞ. From now on, q0 will be the smallest value of q such that the
curve Lq enters and leaves R through x2 = 0 and x2 = h.
It is useful to introduce some notation:Rq ¼ fðx1; x2Þ 2 R : f ðx1; x2Þ > qg; ð2:27Þ
Lq ¼ fðx1; x2Þ 2 R : f ðx1; x2Þ ¼ qg: ð2:28Þ3. Estimates
In this section we derive a ﬁrst order diﬀerential inequality for a measure of the solutions. We deﬁneWðqÞ ¼
Z
Lq
½ma1ðUU ;1 þ VV ;1Þnadl; ð3:1Þwhere l is the arc parameter.
We note that
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Z q
q0
Z
LðgÞ
1
jrf j ½mabðU ;aU ;b þ V ;aV ;bÞ þ aCV
2dldg: ð3:2ÞIt follows thatdWðqÞ
dq
¼
Z
Lq
1
jrf j ½mabðU ;aU ;b þ V ;aV ;bÞ þ aCV
2dl: ð3:3ÞOur aim is to estimate W(q) in terms of dW(q)/dq. We note that we can writejWðqÞj ¼ jI1 þ I2j 6 jI1j þ jI2j; ð3:4Þ
whereI1 ¼
Z
Lq
ma1U ;1U
f;a
jrf j dl; ð3:5Þ
I2 ¼
Z
Lq
ma1V ;1V
f;a
jrf j dl: ð3:6ÞWe know the equalityZ
Lq
ma1W ;1W
f;a
jrf j dl ¼
Z
Lq
M2f;1WW ;1
m22jrf j dl; ð3:7Þwhere W can be U or V.
Using Schwarz’s inequality we ﬁndZ
Lq
M2f;1UU ;1
m22jrf j dl 6
Z
Lq
rP 2U 2;1 dl
Z
Lq
r1U 2 dl
 !1=2
; ð3:8ÞwhereP ¼ M
2f;1
m22jrf j ; ð3:9Þand r is a positive function to be chosen later. Now, we use a Poincare´ type inequality obtained by Horgan
and Payne (1984) that says thatZ
Lq
r1U 2 dl 6 B
2ðqÞ
p2
Z
Lq
r
oU
ol
 2
dl; ð3:10ÞwhereBðqÞ ¼
Z
Lq
r1 dl: ð3:11ÞButZ
Lq
r
oU
ol
 2
dl ¼
Z
Lq
r
ðU ;2f;1  U ;1f;2Þ2
jrf j2 dl ¼
Z
Lq
r
f 2;1ðmabU ;aU ;b M2m122 U 2;1Þ
m22jrf j2
dl: ð3:12ÞNow, by substituting (3.10) and (3.12) into (3.8) we obtain thatjI1j 6 BðqÞp
Z
Lq
rP 2U 2;1 dl
Z
Lq
rf 2;1mabU ;aU ;b
m22jrf j2
 rrf
2
;1m
1
22 M
2U 2;1
m22jrf j2
" #
dl
 !1=2
: ð3:13Þ
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Z
Lq
rP 2U 2;1 dl
Z
Lq
rf 2;1
mabU ;aU ;b  m122 M2U 2;1
m22jrf j2
dl
" #1=2
: ð3:14ÞWe make use of A-G inequality with a positive weight function l(q) to obtainjI1j 6 BðqÞ
2p
Z
Lq
l1ðqÞrP 2U 2;1 dlþ
Z
Lq
lðqÞrf 2;1
mabU ;aU ;b  m122 M2U 2;1
m22jrf j2
dl
" #
ð3:15Þ
¼ BðqÞ
2p
Z
Lq
lðqÞrf 2;1
mabU ;aU ;b
m22jrf j2
dlþ
Z
Lq
rP 2½lðqÞ1  lðqÞM2U 2;1 dl; ð3:16Þwhere we selectlðqÞ ¼ max
Lq
M ¼ MmaxðqÞ: ð3:17ÞTherefore, we obtainjI1j 6 BðqÞMmaxðqÞ
2p
Z
Lq
r
f 2;1mabU ;aU ;b
m22jrf j2
dl ð3:18Þand analogouslyjI2j 6 BðqÞMmaxðqÞ
2p
Z
Lq
r
f 2;1mabV ;aV ;b
m22jrf j2
dl: ð3:19ÞThenjWðqÞj 6 BðqÞMmaxðqÞ
2p
Z
Lq
r
f 2;1mab U ;aU ;b þ V ;aV ;b
 
m22jrf j2
dl: ð3:20ÞSince f,15 0 on Lq, we can selectr ¼ m22jrf j
f 2;1
ð3:21Þand we obtainjWðqÞj 6 B
ðqÞMmaxðqÞ
2p
Z
Lq
mabðU ;aU ;b þ V ;aV ;bÞ
jrf j dl; ð3:22Þwhere B*(q) is B(q) of (3.11) corresponding to the choice (3.21) for r, i.e.,BðqÞ ¼
Z
Lq
f 2;1
m22jrf j dl: ð3:23ÞIf we consider a parametrization of Lq in the form r(x2) = (x1(x2),x2), then we can compute B* asBðqÞ ¼
Z h
0
jf;1j
m22
dx2: ð3:24ÞAs C is positive (see (2.21)), from (3.3) we havedWðqÞ
dq
P
Z
Lq
mabðU ;aU ;b þ V ;aV ;bÞ
jrf j dl: ð3:25ÞThen, (3.22) implies thatjWðqÞj 6 B
ðqÞMmaxðqÞ
2p
dWðqÞ
dq
: ð3:26Þ
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dWðqÞ
dq P 0, then W(q) > 0 for qP q1.
So, (3.26) can be expressed asWðqÞ 6 B
ðqÞMmaxðqÞ
2p
dWðqÞ
dq
ð3:27Þand integrating this inequality we haveWðqÞP Wðq1Þ exp 2p
Z q
q1
dz
BðzÞMmaxðzÞ
 !
for all qP q1: ð3:28ÞSo, iflim
q!1
Z q
q1
dz
BðzÞMmaxðzÞ ¼ 1; ð3:29Þthen for any solution that remains bounded in R it follows that W(q) 6 0, for all qP q0. In any case, W(q)
cannot decay as q!1 except W(q) 6 0, for all qP q0.
Finally we assume that W(q) is non-positive. Therefore we can consider!ðqÞ ¼ WðqÞ: ð3:30Þ
Thus, (q) is non-negative and (3.26) is now!ðqÞ þ B
ðzÞMmaxðqÞ
2p
d!ðqÞ
dq
6 0: ð3:31ÞAgain, integrating the inequality, we have!ðqÞ 6 !ðq0Þ exp 2p
Z q
q0
dz
BðzÞMmaxðzÞ
 !
: ð3:32ÞAnd if (3.29) holds, from (3.32) it follows that (q) decays as q!1. Therefore, using (3.2) we obtain the
following result.
Lemma 3.1. Let (U,V) a solution of the system (2.18)–(2.20) with CðRÞ coefficients and the quotient m12/m22
bounded and Lipschitz continuous in x1. Then, for the family of functions f(x1,x2) satisfying (2.22) and f;1 2 CðRÞ,
and for a region Rq defined by (2.27), eitherlim
q!1
Z
R=Rq
mabðU ;aU ;b þ V ;aV ;bÞdA
 !
exp 2p
Z q
q0
dz
BðzÞMmaxðzÞ
 !
P k ð3:33Þfor some positive constant k orZ
Rq
mabðU ;aU ;b þ V ;aV ;bÞdA 6
Z
Rq0
mabðU ;aU ;b þ V ;aV ;bÞdA
 !
exp 2p
Z q
q0
dz
BðzÞMmaxðzÞ
 !
; ð3:34Þwhere B* is defined by (3.24) and Mmax(q) by (3.17).
Now, using the A-G inequality, we can obtain the above result using the original variables u and w.Theorem 3.2. Let (u,w) a solution of the system (2.12)–(2.16) with CðRÞ coefficients and the quotient m12/m22
bounded and Lipschitz continuous in x1. Then, for the family of functions f(x1,x2) satisfying (2.22) and
f;1 2 CðRÞ, and for a region Rq defined by (2.27), eitherlim
q!1
Z
R=Rq
ðu;au;a þ w;aw;aÞdA
 !
m1ðqÞ exp 2p
Z q
q0
dz
BðzÞMmaxðzÞ
 !
P k; ð3:35Þwhere k is some positive constant and m1(q) is the greater eigenvalue of the matrix mab, or
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Rq
ðu;au;a þ w;aw;aÞdA 6 K
Z
Rq0
mabðu;au;b þ w;aw;bÞdA
 !
exp 2p
Z q
q0
dz
BðzÞMmaxðzÞ
 !
; ð3:36Þwhere B* is defined by (3.24), Mmax(q) by (3.17), and K is a computable constant.
Proof. Let us assume that (3.33) holds. We haveZ
R=Rq
mabðU ;aU ;b þ V ;aV ;bÞdA 6
Z
R=Rq
m1ðqÞðU ;aU ;a þ V ;aV ;aÞdA; ð3:37Þwhere we assume qP q0. On the other hand, there exists a positive constant N such thatU ;aU ;a þ V ;aV ;a 6 Nðu;au;a þ w;aw;aÞ: ð3:38Þ
Thus relation (3.35) holds.
On the other hand, let us to assume that (3.34) holds and let m2 be a positive constant less than or equal to
the smallest eigenvalue of the mab for all q. ThenZ
Rq
ðu;au;a þ w;aw;aÞdA 6 K
Z
Rq
mabðU ;aU ;b þ V ;aV ;bÞdA; ð3:39Þwhere K is a computable constant which depends on m2. Then it follows that the estimate (3.36) is
satisﬁed. h
We remember that since mab is a symmetric matrix, its greater eigenvalue ism1ðqÞ ¼
m11 þ m22 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm11  m22Þ2 þ 4m212
q
2
: ð3:40Þ4. Examples
This section is devoted to the study of some examples. We obtain diverse kind of behavior and hence several
decay possibilities. Of course, in each example there is a positive constant less than or equal to the smallest
eigenvalue of the mab uniformly on x1.
Example 1. Consider mab = mab(x2).
In this example, there is exponential decay ecx1 (see Horgan and Payne, 1993, p. 288) withc ¼ 2p
K0K1
; ð4:1ÞwhereK20 ¼ M2maxðqÞ ¼ max
06x26h
m11ðx2Þm22ðx2Þ  m212ðx2Þ
  ð4:2ÞandK1 ¼ BðqÞ ¼
Z h
0
dx2
m22ðx2Þ : ð4:3ÞWe need pay attention to guarantee that the solution (u,w) satisﬁes either (3.35) or (3.36). In Example 1 this is
not a problem because functions mab depend only on the variable x2.
To clarify the dependence of the rate of decay (4.1) with respect of several parameters for some functions
mab = mab(x2) in Example 1, we consider the following examples.Example 1.1. m11 = 1, m12 ¼ 12, m22 = (1 + xx2)n, nP 0, xP 0. We compute the decay rates for somes n with
h = 1.
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3
p ; n ¼ 1
2
; c ¼ px
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ xp  1Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1þ xÞ1=2  1
4
q ; n ¼ 1; c ¼ 2px
lnð1þ xÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xþ 3
4
q ;
n ¼ 2; c ¼ 2pðxþ 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ2  1
4
q ; n ¼ 4; c ¼ 6px
1 1
1þxð Þ3
	 
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ4  1
4
q :Example 1.2. m11 = (1 + xx2)
n, m12 ¼ 12, m22 = 1, nP 0, xP 0. We calculate the decay rates for somes n with
h = 1.n ¼ 0; c ¼ 4pﬃﬃﬃ
3
p ; n ¼ 1
2
; c ¼ 2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ1=2  1
4
q ; n ¼ 1; c ¼ 2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xþ 3
4
q ;
n ¼ 2; c ¼ 2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ2  1
4
q ; n ¼ 4; c ¼ 2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ4  1
4
q :Example 1.3. m11 = 1, m12 = 0, m22 = (1 + xx2)
n, nP 0, xP 0. We compute the decay rates for somes n with
h = 1.n ¼ 0; 2; c ¼ 2p; n ¼ 1
2
; c ¼ px
ðxþ 1Þ1=4ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ xp  1Þ ;
n ¼ 1; c ¼ 2pxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ xp lnð1þ xÞ ; n ¼ 4; c ¼
6px
ð1þ xÞ2 1 1ð1þxÞ3
	 
 :Example 1.4. m11 = (1 + xx2)
n, m12 = 0, m22 = 1, nP 0, xP 0. We obtain the decay rates for somes n with
h = 1.n ¼ 0; c ¼ 2p; n ¼ 1
2
; c ¼ 2p
ð1þ xÞ1=4
; n ¼ 1; c ¼ 2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ xp ;
n ¼ 2; c ¼ 2p
1þ x ; n ¼ 4; c ¼
2p
ð1þ xÞ2 :Example 1.5. m11 = 1, m12 ¼ 12, m22 ¼ ð1þ xx22Þn, nP 0, xP 0. We compute the decay rates for somes n with
h = 1.n ¼ 0; c ¼ 4pﬃﬃﬃ
3
p ; n ¼ 1
2
; c ¼ 2p
ﬃﬃﬃﬃ
x
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ1=2  1
4
q
arg sinh
ﬃﬃﬃﬃ
x
p ;
n ¼ 1; c ¼ 2p
ﬃﬃﬃﬃ
x
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xþ 3
4
q
arctan
ﬃﬃﬃﬃ
x
p ; n ¼ 2; c ¼
2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ2  1
4
q
1
2ð1þxÞ þ 12 ﬃﬃxp arctan ﬃﬃﬃﬃxp	 

;
n ¼ 4; c ¼ 96pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ xÞ4  1
4
q
15x2þ40xþ33
ð1þxÞ3 þ 15ﬃﬃxp arctan ﬃﬃﬃﬃxp
	 
 :Example 1.6. m11 = 1, m12 = 0, m22 ¼ ð1þ xx22Þn, nP 0, xP 0. We calculate the decay rates for somes n with
h = 1.n ¼ 0; c ¼ 2p; n ¼ 1
2
; c ¼ 2p
ﬃﬃﬃﬃ
x
p
ð1þ xÞ1=4 arg sinh ﬃﬃﬃﬃxp ; n ¼ 1; c ¼
2p
ﬃﬃﬃﬃ
x
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ xp arctan ﬃﬃﬃﬃxp ;
n ¼ 2; c ¼ 2p
ð1þ xÞ 1
2ð1þxÞ þ 12 ﬃﬃxp arctan ﬃﬃﬃﬃxp	 
 ; n ¼ 4; c ¼
96p
ð1þ xÞ2 15x2þ40xþ33ð1þxÞ3 þ 15ﬃﬃxp arctan ﬃﬃﬃﬃxp
	 
 :
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ex  1
4
q :
In this paper we include the seven pictures corresponding to the above examples (Figs. 1–7).
Example 2. If we consider m11 ¼ 1þ x1h , m12 ¼ m21 ¼ 12 and m22 ¼ 1þ
x2
2
h2
. From now on, up to the rest of this
section we shall consider the change n1 ¼ x1h and n2 ¼ x2h . Thus U(n1,n2), V(n1,n2) satisfy a system as (2.12) and
(2.13) in the variables n1, n2 where (n1,n2) 2 [0,1) · [0, 1]. Therefore the curve Lq is given byn1 
1
2
arctan n2 ¼ q: ð4:4ÞIn this case we have exponential decay expðc ﬃﬃﬃﬃx1p Þ (see Horgan and Payne, 1993, p. 289), where
c ¼ 8
ﬃﬃﬃ
2
p 1ﬃﬃﬃ
h
p : ð4:5ÞThe greater eigenvalue of the matrix mab is given by (3.40) and taking into account (4.4) we have2m1ðqÞ ¼ 2þ n1 þ n22 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðn1  n22Þ2
q
¼ 2þ qþ 1
2
arctan n2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ qþ 1
2
arctan n2  n22
 2s
: ð4:6ÞWe point out that m1(q) is like a polynomial in the variable q. Thus the alternatives (3.35) and (3.36) are dis-
joint and so we obtain that the solution has either exponential decay as fast as expðc ﬃﬃﬃﬃx1p Þ or growth of type
expðc ﬃﬃﬃﬃx1p Þx11 .
Example 3. Let us consider m11 ¼ 1þ x
2
1
h2
, m12 ¼ m21 ¼ 12, m22 ¼ 1þ
x2
2
h2
. The curve Lq is (4.4). Now the decay is
not exponential butx4
ﬃﬃ
2
p
1(see Horgan and Payne, 1993, pp. 289–290). Furthermore, from (3.40) and (4.4)Fig. 1. Dependence of the rate of decay c with respect to the parameters for Example 1.1 with h = 1.
Fig. 2. Dependence of the rate of decay c with respect to the parameters for Example 1.2 with h = 1.
Fig. 3. Dependence of the rate of decay c with respect to the parameters for Example 1.3 with h = 1.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðn21  n22Þ2
q
¼ 2þ qþ 1
2
arctan n2
 2
þ n22 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ qþ 1
2
arctan n2
 2
 n22
" #2vuut : ð4:7Þ
Then m1(q) and n
2
1 have the same order and we have the expression
Fig. 4. Dependence of the rate of decay c with respect to the parameters for Example 1.4 with h = 1.
Fig. 5. Dependence of the rate of decay c with respect to the parameters for Example 1.5 with h = 1.
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Z q
q0
dz
BðzÞMmaxðzÞ
 !
 Kx24
ﬃﬃ
2
p
1 ð4:8Þfor some constant K. So (3.35) and (3.36) are disjoint alternatives. That is, we obtain that the solution has
either decay like x4
ﬃﬃ
2
p
1 or growth as x
4
ﬃﬃ
2
p 2
1 .
Example 4. Set m11 ¼ 2þ x1h
 k
, m12 = m21 = 1, m22 = 1, where k 2 (0,2] is a constant. The curve Lq is
n1 þ n2 ¼ q: ð4:9ÞFrom (3.40) and (4.9) it follows that
Fig. 7. Dependence of the rate of decay c with respect to the parameter x for Example 1.7 with h = 1.
Fig. 6. Dependence of the rate of decay c with respect to the parameters for Example 1.6 with h = 1.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5þ nk1
q
¼ 3þ ðq n2Þk þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5þ ðq n2Þk
q
ð4:10Þand so m1(q) has order like q
k.
Now the exponential of Theorem 3.2 isexp 2p
Z q
1
dzﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ zkp
 
: ð4:11ÞIn order to study the integral of the above exponential we consider two cases.
Case 1. k = 2. In this caseexp 2p
Z q
1
dzﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ zkp
 
6
x1
h þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1
h
 2 þ 1q
1þ ﬃﬃﬃ2p
0
@
1
A
2p
ð4:12Þ
1710 M.C. Leseduarte, R. Quintanilla / International Journal of Solids and Structures 45 (2008) 1697–1712(see Horgan and Payne, 1993, pp. 290–291). Therefore, when k = 2, there is at least polynomial decay. In
(3.35) we have the expressionm1ðqÞ exp 2p
Z q
1
dz
BðzÞMmaxðzÞ
 
 Kx22p1 ð4:13Þfor some constant K. So the solution (u,w) satisﬁes either (3.35) or (3.36). Hence, the solution has either poly-
nomial decay or growth as x2p21 .
Case 2. 0 < k < 2. We obtain exponential decay of solutions likeexpðcx1k=21 Þ; ð4:14Þ
where c is a positive constant. As in Case 1, by (4.10) the alternatives (3.35) and (3.36) are disjoint. We obtain
that the solution has either exponential decay or growth at least as far as expðcx1k=21 Þxk1 .
Note that we only consider k 2 (0,2] because if k > 2 there is no decay for W(q).Example 5. Set m11 = 1, m12 ¼ m21 ¼ 12 1þ x1h
 
, m22 ¼ 1þ x1h
 2
. The curve Lq is given byðn1 þ 1Þ2 ¼ n2 þ qþ 1: ð4:15Þ
We have exponential decay for the solutions at least as fast asexpðcx21Þ; ð4:16Þ
with c is a computable constant (see Horgan and Payne, 1993, p. 293). On the other hand, from (3.40) and
(4.15) we have2m1ðqÞ ¼ 1þ ð1þ n1Þ2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½1 ð1þ n1Þ22 þ ð1þ n1Þ2
q
¼ n2 þ qþ 2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn2 þ qÞ2 þ n2 þ qþ 1
q
: ð4:17ÞHence, m1(q) has order like x21. Therefore the alternatives (3.35) and (3.36) are disjoint and the solution has
either at least exponential decay as expðcx21Þ or growth at least as far as expðcx21Þx21 .
Example 6. Set m11 ¼ 1þ x
2
2
h2
, m12 ¼ m21 ¼ 12, m22 ¼ 1þ
x2
1
h2
. The curve Lq isn1 þ
1
3
n31 
1
2
n2 ¼ q: ð4:18ÞWe obtain exponential decay for the solutions at least as fast asexpðcx21Þ; ð4:19Þ
where c is a computable constant (see Horgan and Payne, 1993, p. 294).
Finally, from (3.40) we obtain2m1ðqÞ ¼ 2þ n21 þ n22 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn22  n21Þ2 þ 1
q
: ð4:20ÞThus, m1(q) has order like x21. Therefore the alternatives (3.35) and (3.36) are disjoint and we obtain that the
solution decays at least as expðcx21Þ or grows at least as far as expðcx21Þx21 .5. Furthers remarks
The aim of this section is to point out a couple of aspects in the study of spatial estimates in
mixtures:
(1) the optimality of our estimates,
(2) the case when null total traction boundary conditions are imposed.
Remark 1. The decay/growth estimates we have obtained with our approach are optimal. To clarify this aspect
we will see that in case that the functions mij and a are constants, our estimates agree with the ones obtained by
means of the spectral analysis. We note that this case can be seen as a particular case of Example 1.
The decay/growth rate is obtained in (4.1), and in our case
M.C. Leseduarte, R. Quintanilla / International Journal of Solids and Structures 45 (2008) 1697–1712 1711K0 ¼ ðm11m22  m212Þ1=2;
andK1 ¼ hm22 :Thus, we obtain the rate of growth/decay asc ¼ 2pm22
hðm11m22  m212Þ1=2
:On the other hand, if we look for the solutions of the system (2.12–2.13) in the homogeneous case and we
consider the change of variables (2.17), we obtain the system of equationsmabU ab ¼ 0; mabV ab ¼ aCV :
We can solve both equations by means of separation of variables. The slower decay rate is obtained for the
ﬁrst equation and this is c/2 which proves our assertion.
Remark 2. We have obtained several estimates for the problem determined for the system (2.12 and 2.13) with
the homogeneous Dirichlet boundary conditions. To extend the analysis to alternative boundary conditions,
the ﬁrst thing we should do is to recall which are the natural boundary conditions from the mechanical point
of view. In this sense it is worth mentioning the point of view of Rajagopal and Tao (1995, p. 30). From their
point of view the partial tractions are not the natural magnitude to prescribe at the boundary, but the total
traction and the relative displacement.
With this in mind, for the anti-plane deformations we havet3j ¼ A3j3au;a þ B3j3aw;a; ð5:1Þ
s3j ¼ B3a3ju;a þ C3j3aw;a: ð5:2ÞIf we recall the assumptions (2.11), we obtaint3b þ s3b ¼ mabðx1; x2Þðl11u;a þ l12w;aÞ þ mabðx1; x2Þðl12u;a þ l22w;aÞ ¼ mabðx1; x2ÞU ;a;
where U(x1,x2) is deﬁned at (2.17). If we want to assume that the traction vanishes when x2 = 0, h, we must
imposema;2U ;a ¼ 0; x2 ¼ 0; h: ð5:3Þ
Thus, we must study the system determined by (2.12 and 2.13) with the boundary conditions (5.3) andV ¼ 0:
The problem for the unknown V can be studied as in the previous section. The problem for the unknown U
can be studied with the help of the changeebcW ;c ¼ mabU ;a;
where ebc is the two-dimensional alternator. The boundary value problem for the functionW can be written asðnabW ;bÞ ¼ 0;R; ð5:4Þ
W ðx1; 0Þ ¼ W ðx1; hÞ ¼ 0: ð5:5ÞHerenab ¼ mabðm11m22  m212Þ1:
1712 M.C. Leseduarte, R. Quintanilla / International Journal of Solids and Structures 45 (2008) 1697–1712Thus, we could also apply our arguments in this situation. However in this case we must study the behaviour
for the functions V and W separately.Acknowledgment
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